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1. GENERALIZED KOLMOGOROV COMPLEXITY
, $\Sigma=\{0,1\}$ , $\Sigma$ $\Sigma^{*}$ . $x\in\Sigma^{*}$ ,
$|x|$ . $\mathrm{P}$ , NP Notation Complexity Theory
.
Kolmogorov complexity ,
, Kolmogorov, Chaitin, Solomonoff .
finite string Kolmogorov complexity fimite string
program . , string
program string (i.e.
) . (i.e. compress)
, string random .
Kolmogorov complexity randomness ,
string program computation
(time, space) . , Kolmogorov complexity
time-bounded version $\mathrm{K}\mathrm{o}[\mathrm{K}\mathrm{o}86],$ $\mathrm{S}\mathrm{i}\mathrm{P}^{\mathrm{s}}\mathrm{e}\mathrm{r}[\mathrm{s}\mathrm{i}\mathrm{p}83],$ $\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{s}[\mathrm{H}\mathrm{a}\mathrm{r}88]$
.
Hartmanis Kolmogorov $\mathrm{C}\mathrm{o}\mathrm{m}_{\mathrm{P}^{\mathrm{l}\mathrm{e}\mathrm{X}\mathrm{i}}\mathrm{y}}\mathrm{t}(generali_{Z}edKo\iota-$
mogorov complexity ) . string
, (i.e. restore) .
Hartmanis .
11. M Turing Machine , $g,$ $G:Narrow N$ .
$I_{\acute{1}_{u}}[g(n), G(n)]=\{x\in\Sigma^{*}|(\exists y\in\Sigma^{*})[_{M_{u}(y)=}^{M_{u}(y)\mathrm{h}}\mathrm{a}_{X}1\mathrm{t}\mathrm{S}\mathrm{s}\ |y\leq g\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{i}\mathrm{n}G((|X|x|)|)-\mathrm{S}\mathrm{t}\mathrm{e}_{\mathrm{P}}\mathrm{s}]\}$
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$y$ compressed string, $x$ restored string . $g(n)$ compression,
$G(n)$ restoration time .
11(Hartmanis). Turing machine $M_{u}$ , Tur-
$\mathrm{i}\mathrm{n}\mathrm{g}$ machine $M_{v}$
$K_{v}[g(n), G(n)]\subseteq K_{u}[g(n)+c, cG(n)\log G(n)+c]$
. $c=c_{v}$ $M_{v}$ .
, universal Turing machine , $u$
$K[g(n), G(n)]=I\mathrm{t}_{u}^{\nearrow}[g(n), G(n)]$
.
1.2. $S\subseteq\Sigma^{*}$ small generalized Kolmogorov complexity
$S\subseteq K[k\log n, n]k$ for some $k$
.
, oracle $A$ .
$K^{A}[g(n), G(n)]=I\backslash _{u}^{\nearrow A}[g(n), G(n)]$
. $M_{u}^{A}$ 11 $A$ $A$-universal Turing
machine .
1.3. (1) $S$ small generalized Kolmogorov complexity relative to $A$
$S\subseteq K^{A}[k\log n, n^{k}]$ , for some $k$
.
(2) $S$ small generalized Kolmogorov complexity relative to itself
$S\subseteq Ks[k\log n, n]k$ , for some $k$
.
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2. $\mathrm{P}$-PRINTABLE SETS AND GENERALIZED KOLMOGOROV COMPLEXITY
21. $S$ sparse , $p(n)$
$|\{x\in S : |x|=n\}|\leq p(n)$
.
sparse set generalized Kolmogorov complexity
.
21. $S$ small generalized Kolmogorov complexity (relative to $A$ )
, $S$ sparse .
. $x\in S$ $|x|=n$ ,
$|y|\leq k\log n$ , $M_{u}(y)=x$
$y\in\Sigma^{*}$ . $k\log n$ $\Sigma^{*}$
$1+2+2^{2}+\cdots+2^{k\mathrm{l}k\mathrm{l}}\mathrm{o}\mathrm{g}n=2\mathrm{o}\mathrm{g}n+1-1\leq 2n^{k}-1$
, $p(n)=2n^{k}-1$ ,
$|\{x\in S : |x|=n\}|\leq p(n)$
.
sparse set , $n$ , $n$ polynomial ,
$n$ string $arrow\supset$ . $S$
sparse set , $n$ , $n$ polynomial
$n$ $S$ string , $S$ complexity
$S$ .
, complexity $S$ com-
plexity . $S$ com-
plexity , $S$ complexity , $S$ self P-printable
. $S$ , $P$-printable
.
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22. $S$ $\mathrm{P}$-printable , PTIME bounded Turing machine
$M$ , $n$
$M(0^{n})=X1x2^{\cdot}\cdot$ ‘ $X_{L}$ , $\{x\in S:|x|=n\}=\{x_{1}, x_{2}, \ldots X_{L}\}$
. $M$ $0^{n}$ , $n$ $n$
$S$ .
23. $S$ $\mathrm{P}^{A}$ -printable , PTIME bounded oracle Turing
machine $M^{X}$ , $n$
$M^{A}(0^{n})=X1x2\ldots X_{L}$ , $\{x\in S:|x|=n\}=\{x_{1}, x_{2},. \cdots X_{L}\}$
. $S$ $\mathrm{P}^{S}$ -printable self $\mathrm{P}$-printable .
$\mathrm{P}$-printable set sparse $\mathrm{P}$ .
$\mathrm{P}$-printable set generalized Kolmogorov complexity
[AR88] .
2.1 $([\mathrm{A}\mathrm{R}88])$ . .
(1) $Sl\mathrm{h}$ P-printable
(2) $S$ sparse $\mathrm{P}$-time computable ranking function .
(3) $S$ tally set in $\mathrm{P}$ P-isomorphic.
(4) $S\subseteq K[k\log n, n]k$ $S\in P$
ranking function .
2.4. $L\subseteq\Sigma^{*}$ , $L$ ranking function $r_{L}$ : $\Sigma^{*}arrow N$
.
$r_{L}(X)=|\{w\in L:w\leq x\}|$
21. Turing machine $M_{v},$ $k$ ,
$\mathrm{A}_{v}’[k\log n, n^{k}]\in P$
Corollary .
2.1.
(1) $A\subseteq K[k\log n, n^{k}]$ $k$ . (i.e. $A$ small generalized
Kolmogorov complexity )
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(2) $A$ tally set P-isomorphic
2.1 (1) (4) [BB86], [HH86] ,
.
22. $S$ $\mathrm{P}$-printable , (i), (ii)
.
(i) $S\in \mathrm{P}$ ,
(ii) $S$ small generalized Kolmogorov complexity .
. $S$ P-printable set , PTIME bounded Turing machine $M$
, $M(0^{n})$ $\{x\in S:|x|=n\}$ .
$M(0^{n})$ $n^{k}$ steps . $S\in \mathrm{P}$
. $x\in\Sigma^{*},$ $|x|=n$ . $M(0^{n})$
$w=x_{1}X_{2L}\ldots X$
. $w$ $n$ , $x=x_{i}$
$i(1\leq i\leq L)$ $x\in S$ , $x\not\in S$ .
$x$ $S$ $n^{k}+n^{t}\cdot L\leq(1+n^{t})n^{k}$ steps
. $n^{t}$ $x$ $x_{i}$ .
$S$ smal generalized Kolmogorov complexity . $|n|$
, $n$ steps $0^{n}$ . $M$ $n^{k}$
steps $\{x\in S:|x|=n\}$
$x_{1}x_{2}\cdots x_{L}$
. $i$ $x_{i}$ $ni$ steps .
$x\in S,$ $|x|=n$ , $y=\langle|n|, i\rangle$ , $x$ $y$ $n+n^{k}+n\cdot L\leq n^{k+2}$
steps .
$S\subseteq I\mathrm{t}^{r_{M}}[4\log n, n]k+2$
, 11 $S$ small generalized Kolmogorov complexity .
$S\in \mathrm{P}$ $S$ small generalized Kolmogorov complexity ,
$S\subseteq K[k\log n, n^{k}]$
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$k$ . $|y|\leq k\log n$ $y\in\Sigma^{*}$ , $u(y)$ $n^{k}$ steps
, $x$ , $x\in S,$ $|x|=n$ , $x$
. $y(|y|\leq k\log n)$ , $\{x\in S:|x|=n\}$
. $|\{y\in\Sigma^{*} : |y|\leq k\log n\}|=2n^{k}-1$
, $(2n^{k}-1)\cdot(n^{k}+p(n))$ .
$p(n)$ , $=n$ $x\in\Sigma^{*}$ , $x\in S$
. $S$ $\mathrm{P}$-printable .
.
2.3. $S$ self $\mathrm{P}$-printable , $S$ small generalized
Kolomogorov complexity relative to itself .
21 , smal generalized Kolmogorov complexity
sparse . sparse set small Kolmogorov
complexity . \, polynomial
time constructible function $T(n)$ , $K[k\log n, n^{k}]$ subset
sparse set in DTIME$(\tau(n))$ .
$S(n)=o(n)$ , recursive function $T(n)$ , $K[S(n), T(n)]$ subset
nonrecursive sparse set .
$n$ , Kolmogorov-random string
.
, $\mathrm{P}$ sparse set small generalized Kolmogorov complexity
( 21 $\mathrm{P}$-printable) .
3. P-PRINTABLE SPARSE SET $\mathrm{P}$ ?
[AR88] .
31.
(1) $\mathrm{P}$-printable sparse set in $\mathrm{P}$ .
(2) $\mathrm{P}$-printable sparse set in DLOG .
(3) $\mathrm{F}\mathrm{e}\mathrm{w}\mathrm{p}_{-\mathrm{P}}$ sparse set .
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$\mathrm{F}\mathrm{e}\mathrm{w}\mathrm{P}$ NP , accepting computation path
class . $\mathrm{P}\subseteq \mathrm{F}\mathrm{e}\mathrm{w}\mathrm{P}\subseteq \mathrm{N}\mathrm{P}$
.
[BGS75] , $\mathrm{P}^{A}=\mathrm{N}\mathrm{P}^{A}$ oracle $A$ . $A$
, ( $A$ ) , $\mathrm{P}^{A}$ -printable sparce set
$\mathrm{P}^{A}$ .
, , oracle $S$ , $\mathrm{P}^{S}$ -printable sparse set
$\mathrm{P}^{S}$ .
3.2. sparse recursive set , self $\mathrm{P}$-printable .
, sparse , small Kolmogorov complexity to itself
.
. PTIME bounded oracle Turing machine recursive enumeration
$\{M_{e}^{X},p_{e}\}e\in N$ . $p_{\text{ }}$ $M_{e}^{X}$ running time
.
$l_{0}<l_{1}<...$ $<l_{e}<...$
$S_{e}$ : $\{x : |x|<l_{\text{ }}\}arrow\{0,1\}$ .
Stage $0$ . $\iota_{0}=0,$ $s_{0}=\emptyset$ .
Stage $e+1$ . $l_{\text{ }},$ $S_{e}$ ,
$l_{e}\leq n$ , $2p_{e}(n)<2n$
$n$ $l_{\text{ }+1}=2^{n}$ . $S_{e}*0$
$(S_{\text{ }}*0)(_{X)}=\{$
$S_{e}(_{X)}$ if $|x|<l_{e}$
$0$ lf $|x|\geq l$
, $w=M_{e}^{s_{e^{*0}}}(0n)$ .
$w=x_{1}x_{2}\cdots X_{L}$ , $|x_{1}|=|x_{2}|=\cdots=|x_{L-1}|=n$ , $|x_{L}|\leq n$
, $L\leq p_{e}(n)$ . $M_{e}^{S_{e}*0}(0n)$ oracle $S$ $*0$ query
$p_{\text{ }}(n)$ . $2p$ $(n)<2^{n}$ , $n$ $x_{1},$ $x_{2},$ $\ldots,$ $x_{L}$




$S$ $(x)$ if $|x|<l_{e}$
1if $x=x_{0}$
$0$ if $l$ $\leq|x|<l_{\text{ }+1}$ & $x\neq x_{0}$
$\vee\supset$ $S_{\text{ }+1}$ .
$\{l_{e}\}_{e\in N}$ , $\{S_{e}\}_{e\in N}$
$S= \bigcup_{\text{ }\in N}$ Se
,
$M_{\text{ }}S(0^{n})=M_{e}s_{e}*0(0n)=w=X_{1}x2\ldots x_{L}$ , $x_{0}\neq x_{1},$ $x_{2}\ldots,$ $x_{L}$ , $x_{0}\in S$
. $M_{e}^{S}(\mathrm{o}n)$ $\{x\in S:|x|=n\}$
. $S$ self $\mathrm{P}$-printable . $S$ sparse , $n$
$n$ 1 $S$ .
, self $\mathrm{P}$-printable sparse set $2^{\aleph_{0}}$
. – tally set $2^{\aleph_{0}}$ , self $\mathrm{P}$-printable set
$2^{\mathrm{N}_{0}}$ .
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